ABSTRACT Circumbinary planets experience a time varying irradiation pattern as they orbit their two host stars. In this work, we present the first detailed study of the atmospheric effects of this irradiation pattern on known and hypothetical gaseous circumbinary planets. Using both a one-dimensional Energy Balance Model and a three-dimensional General Circulation Model, we look at the temperature differences between circumbinary planets and their equivalent single-star cases in order to determine the nature of the atmospheres of these planets. We find that for circumbinary planets on stable orbits around their host stars, temperature differences are on average no more than 1.0% in the most extreme cases. Based on detailed modeling with the General Circulation Model, we find that these temperature differences are not large enough to excite circulation differences between the two cases. We conclude that gaseous circumbinary planets can be treated as their equivalent single-star case in future atmospheric modeling efforts.
INTRODUCTION
Circumbinary planets are a fascinating new regime of planets to be studied. While we have been drawn to them for decades in science fiction, it has only been in the past several years that such planets have begun to be discovered, leading to a new and exciting field of study. Orbiting two stars, circumbinary planets experience strong short-term variations in stellar irradiation over the course of their orbits owing to the motion of their host binary stars. Such variation is interesting when we begin to consider the possible effects on climate patterns for planets in these systems.
Binary stars are common in our galaxy. With the fraction of single stars with planets being at least 50% (Fressin et al. 2013) , we can say that planets are also a common occurrence in our galaxy. If we only consider planets which are 4 times the radius of Neptune (hereafter R N ) 1 , the same study finds that just over 8% of single stars are host to such objects. If circumbinary planets were to form at a similar rate, we could assume them to be just as common. In fact, Armstrong et al. (2014) finds that the fraction of binary stars with planets larger than 6 R ⊕ is at least 10% for coplanar circumbinary systems, a rate even higher than that for single-star systems. This makes circumbinary planets an extremely interesting field of study, since we can expect them to be quite numerous.
As of writing, there have been 10 transiting circumbinary planets discovered around main sequence stars. The first was Kepler 16b (Doyle et al. 2011) . Following this were the discoveries of Kepler 34b and 35b (Welsh et al. 2012) , Kepler 47b and 47c (Orosz et al. 2012a ), Kepler 38b (Orosz et al. 2012b ), Kepler 64b (Schwamb et al. 2013; Kostov et al. 2013) , Kepler 413b (Kostov et al. 2014) , Kepler 453b , and KOI 2939b (Kostov et al. 2015) . With the exception of the most recent planet, which is Jupiter-sized, all are between approximately 0.75 -2.25 R N . This agrees with studies which conclude that planets larger than 10 R ⊕ are un-1 R N = 3.88R ⊕ ; R J = 11.2R ⊕ common around binary stars (Armstrong et al. 2014 ).
Many upcoming missions will provide opportunities to search for and discover new circumbinary planets. The Gaia mission is expected to discover between tens and hundreds of new circumbinary planets (Sahlmann et al. 2015) , depending on the abundance of giant circumbinary planets. In addition, microlensing has been shown as an effective way to discover circumbinary planetary candidates, with studies predicting that this is a sufficient method for candidate detection (Luhn et al. 2015) .
Atmospheric modeling is one of the most important ways we can gain insights into the circulation patterns of exoplanets. Through the use of models of varying complexities, we can learn about a planet's temperature structure and circulation and make predictions for observational signatures of various types of temperature structures due to, for example, shifted hot spots, seasonal effects, clouds, and composition. In this paper we study the atmospheres of circumbinary planets through the use of both a one-dimensional Energy Balance Model and a three-dimensional General Circulation Model in order to learn about the effects of flux variation on short timescales. Such a study for these types of planets has not been done previously, with the only similar study being of habitable zones around binary stars for hypothetical Earth-like planets (Forgan 2014) .
By piecing together all of the information we have about the known set of circumbinary planets, and by studying them further through the use of models, we can begin to understand where such planets are similar to and different from their single-star counterparts. By modeling both a known circumbinary planet and a single-star planet with an equivalent constant irradiation, we then study the temperature and wind circulation patterns in the atmospheres of both planets in order to make comparisons between the two atmospheres. Through this work we are then able to answer the question of how a quickly varying stellar irradiation affects the atmosphere of a giant planet and make further statements as to the detectability of any differences between single-star and circumbinary planets.
In Section 2 we discuss the methods and models used in this work, with particular emphasis on model parameters. The results of our work, including various known and theoretical planets, is presented in Section 3. Conclusions are given in Section 4.
METHOD
We begin with a one-dimensional Energy Balance Model (Section 2.2) to study the general behavior of a planet's atmosphere over long periods of time. We use a three-dimensional General Circulation Model (Section 2.3) for more in depth studies of a specific planet in order to confirm results from the one-dimensional model. The benefits of using the Energy Balance Model (hereafter EBM) are that it is relatively simple, allowing us to model the atmosphere over many more planetary orbits and for a wide range of configurations. While the General Circulation Model (hereafter GCM) is beneficial in order to obtain more realistic and detailed three-dimensional results, it is much more computationally expensive. By using both models we are therefore able to obtain a better understanding of the effects of the varying irradiation pattern both in high detail and over a wider parameter space. We focus on Neptune-like planets, and all model parameters are derived based on this fact.
Calculation of Orbits and Resulting Irradiation
We calculate orbits by assuming Keplerian motion, which is a good approximation over the short number of orbits we model. For the known circumbinary systems, observations over multiple planetary orbits support our choice for Keplerian motion. Both stars are placed on Keplerian orbits around their center of mass, with the planet on a Keplerian orbit around this same center of mass. Assuming the planet is approximately Neptunelike in mass, it is not massive enough to significantly perturb the stellar orbits away from Keplerian motion over the timescales we consider. Our assumption of planet mass is based on the measured radii of known circumbinary planets, and mass-radius models and observations which do not predict a planet of this size to be dense enough to be terrestrial (Swift et al. 2012; Rogers 2015; Wu & Lithwick 2013) .
For all known systems, the irradiation pattern is nonrepeating over timescales of both the stellar orbits and the planetary orbits. General patterns do emerge which depend on the location of the more luminous star or stars relative to the planet. As shown in Figure 1 , planets with more massive secondary stars (top two panels) experience a greater variation in their stellar irradiation pattern over a given planetary orbit, while those with lower mass secondaries (bottom two panels) have stellar irradiation patterns which become much simpler, beginning to resemble simple sinusoidal curves. Further, planets on longer period orbits experience less extreme irradiation patterns (smaller amplitude variations) as the motions of the stars become less important simply due to the larger distance between the planets and the stars. This can also be seen in Figure 1 when comparing the left two panels to the right two panels.
Energy Balance Model
Historically, EBMs have been used to predict the longterm climate of terrestrial-like planets (see North et al. Table 3 for system parameters). Note that for planets on close orbits around equal mass binary systems (plot a) the irradiation pattern has both a higher amplitude and is more irregular than for planets on more distant orbits around a system mostly dominated by one star (plot d). For each system, the overall variation in flux is due to the motion of the binary stars relative to the location of the planet. For the case of Kepler 47b (plot c), there is a secondary super-imposed long period variation due to the planet's slight eccentricity.
1981; Forgan 2014; Vladilo et al. 2015) . EBMs are designed to be relatively simple, yet complex enough to encapsulate the relevant physics of atmospheric heating. The simplicity of these models comes from their single dimension in space, latitude. For terrestrial planets, models predict the planet's surface temperature -so there is no need to study the various heights in the atmosphere. EBMs calculate the temperature at each point in latitude space, evolving it forward in time to represent the evolution of the surface or atmospheric temperature over a period of time Previous works have been applied to Earth-like planets only -here we make modifications to account for the thicker atmosphere of Jovian-like planets. When modeling planets dominated by a thick atmosphere, we decide to modify the coefficients in such a way that we are integrating over the range of pressures in the atmosphere in which heating takes place. This lets us gain insight into the temperature of the thermal (infrared emission) photosphere of the planet. This choice becomes important as we discuss observables in section 4.3.
The general form of the EBM is given by
Here x ≡ sin ϕ is the single dimension in the model, with ϕ being latitude. T is the local temperature at some time. C is the atmosphere's heat capacity per unit area; D is the diffusivity of the atmosphere, S is the stellar irradiation, A is the atmosphere's albedo, and I is the cooling function of the atmosphere. In the next few sections we discuss all parameters and their physical roles in the model, as well as our modifications to account for the specific cases we study. The adopted values are listed in Table 1 .
C: Heat Capacity Per Unit Area
As discussed in the introduction, most of the currently known circumbinary planets are approximately Neptunesized, ranging from 0.768 R N (Kepler 47b, Orosz et al. (2012a) ) to 2.20 R N (Kepler 34b, Welsh et al. (2012) ), with a single outlier at 1.52 R J (KOI 2939b, Kostov et al. (2015) ) . For this reason, we chose to use a Neptune-like composition for all planets modeled in this work. This approximation allows better comparison across systems by minimizing free parameters.
Previous work on circumbinary planets using EBMs (Forgan 2014 ) focuses on hypothetical Earth-like planets. Here we seek to model the known planets, with much of their mass and radius being dominated by atmosphere. Because of this, we do not need to take into account the fraction of the planet covered in ice, water, and solid surfaces as is often done with EBMs. Therefore, our heat capacity is calculated based on our choice of atmospheric composition with a mean molecular weight of 2.5 g/mol (Lodders & Fegley 1998) , a value commonly used for Neptune. This corresponds to a specific gas constant of 3.2×10 7 erg g −1 K −1 , which we can covert to heat capacity per unit area at the pressure level (thermal photosphere, 0.12 bar) we are studying. C is then set to 4.154×10 10 erg cm
D: Diffusivity
The diffusivity coefficient (D) encapsulates the atmospheric transport of heat from the equator towards the cooler poles. For Earth-like planets, the diffusivity coefficient is set based on empirically fitting models to reproduce the observed temperature structure on Earth. In a similar way, we can use more sophisticated models of gas planets to predict how meridional heat transport occurs. This is discussed in depth in section 2.3.1. The diffusion constant could in principle be set as a function of x (latitude), but we use a constant value in this work, which we find is able to capture the relevant physics without adding more unknowns into the model.
Using results of a preliminary GCM (model details are discussed in Section 2.3), we obtain an initial estimate of the diffusion coefficient based on the rate of energy transport in this preliminary model. This served as a base value which was then varied over multiple runs of the EBM in order to obtain a latitudinal temperature structure which corresponded to the results of the GCM. As a result, we use a diffusion coefficient of 4×10 3 erg cm −2 s −1 K −1 . For comparison, typical values of diffusivity used for Earth-like planets are of order 10 2 erg cm −2 s −1 K −1 . It is of importance to note that this value is the least constrained of the parameters used here. Small variances have little affect on the resulting temperature structures. However, extremely large values of the diffusion coefficient (greater than of order 10 4 erg cm −2 s −1 K −1 ) correspond to efficient heat transport to the poles, where it is then radiated out to space, leading to an global cooling effect. Similarly, extremely low values of the diffusion coefficient (smaller than of order 10 2 erg cm correspond to heat being trapped near the equator, leading to an global heating effect.
S(1-A): Stellar Irradiation and Albedo
Stellar irradiation (S) is set by the motions of the binary stars in the system. The time (t) dependence of this parameter is determined by the specific planetary and stellar orbits for any given system. The spatial (x) dependence of this parameter is rooted in the fact that the equator receives more irradiation than the poles for zero (or very low) obliquity systems, represented by a factor of cosine of latitude in the received irradiation. Based on the small angular separation of the two stars in the planet's sky, we do not need to account for two separate substellar points, and instead treat them as one point, again letting us make the claim that the equator is heated more than the poles.
As discussed in Section 2.1 and demonstrated in Figure  1 , the binary mass fraction and the planet's semi-major axis play a large role in the stellar irradiation. Additionally, we ignore the effects of stellar eclipses, as they occur on time scales which are short relative to the radiative timescale of the atmosphere.
Albedo (A), or the amount of light reflected off the top of the atmosphere, is set to 0.3. This value has been used for Neptune previously (such as in Liu & Schneider (2010) ), so we find it appropriate to use due to other parameters being set to Neptune values as well.
I: Cooling Function
The cooling function determines the planet's outgoing radiation for any given point in latitude. Again, we examine results from the preliminary GCM to determine the appropriate amount of outgoing radiation necessary to produce the temperature structure seen in this more complicated model. As the cooling function represents the outgoing flux, we can represent it as
where α is a constant related to the optical thickness of the atmosphere, determined by the GCM. Our initial parameter guess from the preliminary GCM reproduces the expected temperatures in the EBM without any further fine tuning. Based on results for outgoing radiation and temperature structure from the GCM, an α value of 1.682 is used.
2.3. General Circulation Model GCMs are three dimensional climate models which calculate temperature and winds at every point in latitude, longitude, and pressure space using basic information about the planet we seek to model -such as atmospheric Note. -Values with a subscript N are set to accepted parameters for Neptune. We chose density as the constant parameter across various Neptune-like planets. The radius of the each planet is set from observations, and density is used to obtain a mass and gravitational acceleration for use in the General Circulation Model. a Adapted to our model formulation from Liu & Schneider (2010) composition, solar irradiation, size, and rotation rate. Because of their complexity, these models can be used to predict observational signatures in the form of infrared radiation for a wide array of planet types and provide a base for detailed study of planetary atmospheres.
We use the GCM detailed in Rauscher & Menou (2012) , with a modification to account for the variation in stellar irradiation, calculated as discussed in section 2.2.3 and 2.1. The model is built upon the primitive equations of meteorology, which are a standard reduction of the Navier-Stokes equations including assumptions of inviscid flow, vertical hydrostatic equilibrium, and small vertical flow and scales relative to the horizontal components. See Vallis (2006) for further explanation. Heating is treated using double gray radiative transfer such that the incoming radiation (optical) and the outgoing radiation (infrared) each have their own absorption coefficient. For a more detailed description of the model, see Rauscher & Menou (2012) and sources within. See Table 2 for a list of parameters used for a Neptune-like planet.
2.3.1. GCM Heat Transport -applications to the EBM Using equations adapted from Pierrehumbert (2010), we can relate the heat transport in the EBM to the heat transport in the GCM by writing
where D is the diffusion coefficient defined in section 2.2.2. Φ, given by
relates to the rate of energy transport across latitude bands, calculated as 2πR 2 p Φ cos ϕ. In all of the above, R p denotes the radius of the planet, P the pressure of a given level, P s the representative bottom boundary pressure, T the temperature at that pressure level, and g the gravitational acceleration. Using output of the GCM, Φ can be computed for a planet of our chosen composition as a function of latitude, ϕ. We can then compute the diffusion coefficient D as a function of latitude. For simplicity, we adopt an average value, which as discussed above, has been determined to be sufficient for 1D models
RESULTS
In the following sections we study the planet Kepler 47b using both the EBM and the GCM. First, by running the one-dimensional EBM, we obtain limits on the atmosphere's temperature variations due to the time varying flux. By then running the three-dimensional GCM, we can further study how these variances may or may not affect the planet's circulation.
We then extend our results to all known circumbinary systems as well as a grid of hypothetical circumbinary systems in order to thoroughly examine which regions of parameter space are host to planets which are most affected by their orbit around a binary star system. To compare our results to a single-star system, we calculate an equivalent single-star case in which the total luminosity of both stars is held unmoving at the center of mass. This allows for a direct comparison between a single-star case and a circumbinary case with all other variables the same.
Kepler 47b
Kepler 47 is a multi-planet binary system, with two confirmed Neptune-sized planets (Orosz et al. 2012a) . We initially decided to study Kepler 47b in the most detail due to a comparable radiative time scale of the atmosphere and timescale over which the irradiation is varying (similar to the orbital period of the stars). The radiative timescale describes how quickly or slowly a planet's atmosphere is able to respond to changing environmental conditions, therefore a planet which has a radiative timescale nearly that of the short scale changes in irradiation may have interesting coupling between the variation in stellar heating and the atmospheric response. Atmospheres with longer radiative timescales will be unaware of the varying flux, and we can expect them to then respond to the average irradiation, while those with shorter radiative timescales will respond very quickly to changes in stellar flux. System parameters are given in Table 3 .
The irradiation pattern for Kepler 47b is shown in the bottom left panel of Figure 1 and is fairly regular with two superimposed sinusoidal patterns. The shorter of the two periods is due to the motions of the host stars, and the other, longer period, sinusoidal pattern is due to the slight eccentricity of the planetary orbit. This eccentricity is set to the upper limit given in Orosz et al. (2012a) in order to test the combined effect of eccentricity and binary motions.
Kepler 47b -EBM
Using the EBM, we run both the circumbinary case with flux varying according the motions of the stars relative to the planet, and a single-star case set up as described above. Both models run for 20 planetary orbits (where one orbit is 49.5 Earth days, see Table 3 ), which serves to give us a long enough base-line for comparison between the two cases. The atmosphere equilibrates over the first planetary orbit, so for this reason we do not include the first orbit in our analysis. As the EBM is a one-dimensional model, the output represents the temperature across all latitude bands evolved forward in time. Shown in the middle frame of Figure 2 is The bottom two plots represent the evolution of the thermal photosphere's temperature over time. For the middle plot, the absolute temperature is plotted. We see peaks in temperature at appropriate delays after peaks in irradiation due to the time lag of the atmosphere. The bottom plot shows the relative changes in temperature as compared to the equivalent single-star case for Kepler 47b. We see maximum positive and negative changes of 2 Kelvin, implying that the overall effect of the binary stars is minimal for this case. Note.
-All values have been adopted from Orosz et al. (2012a) . We chose to adopt the upper limit for the planet's eccentricity in order to maximize any variations.
the model output at the thermal (outgoing) photosphere in the circumbinary case through the fifth planetary orbit. We find that peaks in temperature correspond to peaks in irradiation after accounting for the expected delay due to the radiative lag of the atmosphere. For this system, the radiative timescale corresponds to approximately 0.14 planetary orbits, or approximately 7 days.
As shown, times of peak temperature are only a few Kelvin warmer than other times. This is reasonable, as we can not expect a direct comparison between changes in irradiation and atmospheric temperature because the atmosphere dampens out the irradiation changes. A direct comparison between flux and temperature (∆F → σ∆T 4 ) suggests changes of order tens of Kelvin, so our results of a few Kelvin is reasonable.
By eye, we can see that the circumbinary planet shows variations we would not expect for planets receiving a constant amount of irradiation over the course of its orbit. We would like to quantify how different a circumbinary planet is from its equivalent single-star case, so we define a parameter η representing the mean of the absolute value of the fractional difference in temperature for the circumbinary case as compared to the single-star case.
For Kepler 47b, we find an η of 0.2%. The bottom frame of Figure 2 shows the temperature deviations over the first through fifth planetary orbits as compared to the single-star case, demonstrating that for the case of Kepler 47b, the maximum deviation away from the single-star model is 6K, which is less than 1%.
Kepler 47b -GCM
In order to determine the magnitude of these temperature variations on the planet's circulation, we study this planet with the full three-dimensional GCM. We do not expect that a mean deviation of 0.2% is large enough to excite noticeable changes in the planet's circulation, however, we explore the possibility here for completeness. Figure 3 shows the full three-dimensional model results for both the circumbinary case (left) and the single-star case (right). The top row shows the temperature of both cases at a snapshot in time, and the bottom row shows the zonal (East-West direction) winds for both cases at the same point in time.
GCM results suggest differences in temperatures and wind speeds for the circumbinary case compared to the single-star case which are less than 1 K and 1 m/s, respectively, at any given point in time. We find that for η ≈ 0.002 (as calculated from the EBM), the irradiation pattern due to the binary motion does not cause noticeable changes in planetary circulation as compared to the equivalent single-star case, unsurprisingly.
A further comparison of the zonal-averaged temperature at the equator from the GCM (an average temperature across the latitude band sitting at the equator), the equator temperature of the EBM, and the irradiation temperature at the equator (T=(S(t)/σ)
(1/4) ) over the course of one orbit shows that the GCM produces temperature variations of even smaller amplitudes than those found in the EBM (Figure 4) . Comparing both to the amplitudes of the temperature variations we could expect if the atmosphere responded immediately to changes in irradiation, we see that the atmosphere in both models does indeed dampen out the irradiation changes. The results of this comparison allows us to determine that any atmospheric effects due to the irradiation pattern exhibited in the Kepler 47 system are negligible and become even less pronounced when we use the GCM, which more correctly models the heating and cooling of the atmosphere as compared to the EBM.
Expanding Models to More Planets
We seek to draw a conclusion for a wider range of circumbinary planets, and so we start by looking at the 10 circumbinary planets which have been confirmed. . We see smaller amplitudes in temperature variation as we move from the least complicated prediction (black body) to the most complex model (general circulation) suggesting that the atmosphere is efficient at dampening out the irradiation pattern. Note that peaks between the black body and other models are offset due to the delayed response of the atmosphere.
sulting η values are shown in Figure 5 .
Due to each system's unique orbital parameters and host stars, planets such as Kepler 16b and Kepler 64b can lay close to each other in the shown parameter space, but experience different effects due to their binary stars. In this case, both of the stars in the Kepler 64 system are at least twice as massive as those in the Kepler 16 system, causing the stars to move through their orbits much faster. This causes the variations in irradiation to be much more extreme (see Figure 1 for a demonstration of the variation in flux across different systems).
Here we also see that Kepler 35b experiences the most extreme variations over the single-star case, at an η=0.0051, or 0.51%. This matches our expectations that this planet should experience the most variations due to its closer proximity to two nearly equal mass stars. Figure 1 demonstrates this through the differences in irradiation patterns for stars near and far from equal mass stars. Although not shown in Figure 5 , Kepler 47c and KOI 2939b experience the smallest variations with η=0.00013 (0.013%) and 0.00088 (0.088%) respectively due to their large orbital distances of 0.989 AU and 2.72 AU.
Though there are only 10 announced circumbinary planets as of writing, we also wish to expand these results to a wider array of possible circumbinary planets. To do so, we develop a grid of hypothetical planets with a set stellar separation of 0.1 AU (corresponds to slightly less than the average stellar separation for the known systems), a set primary star mass of 1.0 M ⊙ (corresponds to the average primary star mass of the known systems), and then vary the planetary semi-major axis and the secondary star mass. Further, because we are only focused on studying circumbinary planets orbiting two main-sequence stars, we can apply main sequence scaling relations based on a fully radiative approxima-tion to convert stellar mass to luminosity,
and update the orbital periods of the stars and planet as necessary by Kepler's laws with P=2π a 3 /(G(M 1 + M 2 )). While low mass stars are generally fully convective, and this is likely to then over predict the luminosity of such a star, low mass stars will contribute minimally to the total luminosity of the system, and as such it is sufficient to simplify the general set of mass luminosity relations to one relation for all stars. Additionally, all orbits are set to zero eccentricity so that the only variation produced is due to the motions of the binary stars, and not dependent on orbital eccentricity.
We then run a grid of planets for 0.2 AU <a p <0.5 AU and 0.1 M ⊙ <M 2 <1.0 M ⊙ to examine the ranges where atmospheric variation over the single-star case may become important. For each system, we calculate its η value. Results are shown in the top left of Figure 6 . We see the expected trend of planets on close orbits around a binary system of equal-mass stars exhibiting a greater variance over its equivalent single-star case (larger η), with planets far away from systems dominated by one of the stars being much more similar to their equivalent single-star case (smaller η).
We note that the systems close into two equal-mass stars are unlikely to be stable (see Holman & Wiegert (1999) ) but we find it informative to model these systems regardless. From Holman & Wiegert (1999) , we take the limit of stability (a critical ) for zero eccentricity stellar orbits to be a critical a stars = (1.60 ± 0.04) + (4.12 ± 0.09)
when M 2 / M 1 is no greater than 0.5. For higher mass ratios we adopt the value of a critical =2.37 from Dvorak et al. (1989) . No planet within the region of stability reaches an η value much greater than 0.01 (1% variations), which would imply that their atmospheres are similar to that of a single-star planet, with only slight changes in temperature for small periods of time. We do not expect that these systems will exhibit circulation differences, and therefore make the overarching conclusion that the atmospheres of circumbinary planets exhibit no strong or noticeable effects due to their unique irradiation patterns.
Introduction of Obliquity
Seasons are an additional way in which we could produce variations over the single-star case. When orbiting two stars, the relative strength of a given season depends on which star is closest to the planet for the longest amount of time during that season. Therefore, we could expect hot summers and cold summers in a system with a low mass ratio. This is something not seen on a planet with only one star, so we investigate if the addition of a seasonal pattern (implemented by adding an axial tilt) can serve to excite large differences in a circumbinary planet's atmosphere.
We introduce seasons in the typical way (Pierrehumbert 2010) where the daily averaged stellar irradiation at a given latitude varies with time as
cos
with F the calculated flux, based on the location of the stars relative to the planet (see Section 2.2.3); H is the hour angle at sunset; ϕ is the latitude; and δ is the declination of the substellar point. Because there are two substellar points, one for each star, δ is further defined as the point directly in between the two substellar points -though the separation of the stars has been found to be negligible regardless. Further, ψ gives the obliquity (tilt of the orbital axis); and λ represents the angle of the planet's orbit relative to some standard 'zero' point. As before, we start by looking at the planet Kepler 47b. Using an obliquity of 30
• , and running this through the EBM, we begin to see the seasonal variation we expect with hotter summers in one hemisphere while there is a colder winter in the other hemisphere. Figure 7 shows the results for this case. We see no strong difference in the general seasonal pattern as compared to an equivalent single-star case with the same axial tilt.
Setting up the hypothetical models as before, with the same grid of stellar and planet orbital properties, we now vary the planetary obliquity between 0
• (no axial tilt, same as before) and 90
• (planet rotating completely on its side). In Figure 6 we show results for obliquities of 15
• , 45
• , and 75
• with the zero obliquity case subtracted off in order to focus only on the additional temperature variations caused by the seasons. Compared to the zero obliquity case shown in the top left of Figure 6 , we see the most additional variation for planets close in to any type of binary system (left region of subplots in Figure 3 .2). However, these planets are on unstable orbits (compare to the red line of stability in the 0
• obliquity case), and are therefore unimportant to this discussion. The next Figure 5 . Each other frame represents a different obliquity, corresponding to stronger seasons, where the results of the zero obliquity case have been subtracted away to demonstrate which regions of parameter space are most affected by the introduction of seasons. As seasonal variation is made stronger due to an increased axial tilt, we see that planets far away from a system with an equal mass ratio become more like their single-star comparisons (shifts towards smaller η values) and planets close in to nearly all types of mass ratios experience more variation over their single-star comparisons (shifts towards larger η values), though it is noted that these fall within the region of instability and are therefore physically unimportant. region with significant additional differences are those planets far away from a equal mass binary system (top left of plots in Figure 3 .2). In this region, we expect planets to exhibit temperature patterns similar to their equivalent single-star case since they are far enough away from their hosts that the motions of the stars become less important as compared to their axial tilt. As with the zero obliquity case in Section 3.2, we conclude that the atmospheres of circumbinary planets with any axial tilt are no different that their equivalent single-star case. Seasons are no more extreme for circumbinary planets than single-star planets.
CONCLUSIONS
We conclude that the temperature structures and wind patterns within the atmosphere of a circumbinary planet are negligibly different from its equivalent single-star case. This has important implications for future work, both with considerations of habitability and, more importantly to this work, continuing modeling effort of these planets.
Modeling of Circumbinary Planets
We find a a maximum deviation in temperature of approximately 1% for circumbinary planets on stable orbits. Based on our further modeling of Kepler 47b, a planet which experiences deviations of 0.2%, we do not expect a deviation of 1% to be large enough to lead to differences in circulation patterns. Therefore we conclude that the atmospheres of circumbinary planets, in all reasonably stable orbital configurations, are negligibly different from their equivalent single-star cases. Going forward, it is therefore reasonable to model circumbinary planets as their equivalent single-star case for studies of atmospheric circulation.
Habitability of Circumbinary Planets
Although the ten known circumbinary planets are all of sufficient size to be considered gaseous, we can extend our results to make certain assumptions about the potential for habitability of moons or terrestrial planets within the habitable zone of binary star systems. We conclude that circumbinary planets should not be discounted as potential hosts for life, as their atmospheres should be of a similar nature to the single-star planets we know so well, though much more work can be done in order to study any possible circulation differences of circumbinary • obliquity. The typical seasonal pattern is present, with warm summers in the northern hemisphere while there is a cold winter in the southern hemisphere at the same time and vice-versa. While each summer/winter pattern is slightly different than the previous, this is not a strong effect. We find no additional variation over the single-star case as compared to the zero obliquity models.
terrestrial planet atmospheres specifically.
Observables
With our growing ability to observe planetary atmospheres, it becomes interesting to consider if we could measure the temperature variations of a circumbinary planet's atmosphere. During a secondary eclipse, we are able to determine the planet's thermal emission -emission which originates from the depth in the atmosphere which we have studied in this work. Ideally, by observing several different secondary eclipses and noting the positions of the stars relative to the planet at these points, we can predict the expected temperature differences between the two events and test the predictions based on the observations. In reality, we do not expect these temperature variations to be large. For Kepler 47b, the maximum temperature variations between different points in orbit are of order a few Kelvin as predicted by the GCM. This is quite far out of the reach of current ground based efforts, which have errors of 100s of Kelvin (Zhou et al. 2015; von Essen et al. 2015) . Recent best efforts to measure thermal emission from an exoplanet using Spitzer phase curves have achieved errors of only 20-60K (Knutson et al. 2009 (Knutson et al. , 2012 Maxted et al. 2013; Wong et al. 2015; Zellem et al. 2014) , but this would still not be small enough to measure the extremely small temperature differences of a circumbinary planet with any certainty. While JWST will be even more powerful than Spitzer for atmospheric characterization (Beichman et al. 2014) , it is unlikely it will have the precision necessary (only a few Kelvin) in order to definitively say whether the expected small amplitude temperature variations are present in the atmospheres of circumbinary planets.
